We predict a sequence of magic-zero wavelengths for the Sr excited 5s5p 3 P0 state, and provide a general roadmap for extracting transition matrix elements using precise frequency measurements. We demonstrate that such measurements can serve as a best global benchmark of the spectroscopic accuracy that is required for the development of high-precision predictive methods. These magic-zero wavelengths are also needed for state-selective atom manipulation for implementation of quantum logic operations. We also identify five magic wavelengths of the 5s 2 1 S0 −5s5p 3 P0 Sr clock transition between 350 nm and 500 nm which can also serve as precision benchmarks.
The drive for increased precision in atomic, molecular, and optical (AMO) measurements has led to tighter tests of fundamental physics [1] [2] [3] , transformational improvements in time and frequency metrology [4, 5] , and suppression of decoherence in quantum information processing [6, 7] . Moreover, increases in AMO precision have resulted in the discovery of new applications such as: laboratory tests of time-variation of fundamental constants [8] [9] [10] , searches for topological dark matter with atomic clocks [11] and magnetometers [12] , probes of gravity and general relativity with atomic interferometry [13] [14] [15] , and use of decoherence-free subspaces for Lorentz symmetry tests with entangled trapped ions [3] .
For many of those applications, accurate knowledge of atomic properties has been critical for the design and interpretation of experiments, quantifying and reducing uncertainties and decoherence, and development of concepts for next-generation experiments and precision measurement techniques. Progress in development of highprecision theory [16] [17] [18] has yielded accurate predictions of many needed properties. In turn, high-precision measurements [19] [20] [21] [22] [23] [24] have provided experimental benchmarks for refinement and improvement of theory.
Determination of transition matrix elements between excited states is a particulary difficult challenge for both theory and experiment. For example, the accuracy of theory has reached 0.2% for low-lying state transitions of alkali-metal atoms [16] and has attained 1% to a few percent accuracy for more complicated systems [25] [26] [27] . At present, further progress is hindered by scarcity of high-precision (better than 1%) benchmarks of transition amplitudes, which are important in many of the applications cited above. Heretofore, determination of transition matrix elements between excited states have been based primarily upon the measurements of lifetimes and branching ratios, which seems very difficult to push beyond 1% accuracy, with Very few such measurements are available, including the most recent 3 D 1 lifetime measurement in Sr [4] , where 0.5% uncertainty was achieved for the improved evaluation of the dynamic black-body shift. Moreover, such techniques face irreducible difficulties if the relevant branching ratios are small. This problem is particularly difficult for transitions involving excited states.
In this work, we provide a roadmap for extracting transition matrix elements using spectroscopic measurements of frequency. We make use of "magic-zero" frequencies at which the frequency-dependent polarizability, α(ω), of a given atomic state vanishes [27, 28] . These magic-zero frequencies, which are analogues of interference phenomena encountered in classical coupled LC electrical circuits, are ubiquitous in accessible regions of the optical spectrum. We demonstrate that such frequency measurements can serve as a best global benchmark of highprecision atomic theory.
Two magic-zero wavelengths for the ground state of alkali-metal atoms have been recently measured, in Rb [29] and K [30] . Thus, there is established experimental methodology to measure these quantities. The Rb measurement, which is based on finding the null point of diffraction of ultracold atoms by an optical lattice, was used to determine 5s − 6p matrix elements as was proposed in [31] . That determination attained an accuracy of 0.15-0.3% [29] .
In this paper, we discuss a systematic approach to the determination of multiple transition probabilities using magic-zero spectroscopy and we describe its application to the important test case of the 5s5p 3 P 0 state of Sr. At present, this is one the best available benchmark systems for the following reasons:
• Well-developed experimental techniques are already established for Sr due to its prominence in atomic clock development [4] and studies of manybody effects in degenerate quantum gases [32, 33] . • The matrix element for the lowest-energy relevant Sr transition, 5s5p
, is known with 0.23% accuracy from a recent 5s4d
3 D 1 lifetime measurement [4] . This will simplify the extraction of matrix elements from 3 P 0 to higher excited states.
• From a theoretical prospective, Sr is one of the best understood atoms with more than one valence electron, due to recent calculations of blackbody radiation (BBR) shift of the 5s 2 1 S 0 -5s5p 3 P 0 atomic clock transition [34] .
In addition to precision measurement, there is another important application of the magic-zero wavelengths in the alkaline-earth atoms. The trapping potential in an optical lattice for a given atomic state is proportional to its dynamic polarizability α(ω). For the magic-zero wavelength, α(ω) = 0, resulting in a vanishing ac Stark shift of that state. Thus, atoms in that state are insensitive to laser light of that frequency. This enables state-selective atom manipulation for the implementation of the quantum logic operations [35, 36] . In this work, we locate all of magic-zero wavelengths above 350 nm for both the ground and 3 P 0 excited state of Sr. Unless stated otherwise, we use the conventional system of atomic units, a.u., in which e, m e , 4π 0 and the reduced Planck constanth have the numerical value 1. Polarizability in a.u. has the dimension of volume, and its numerical values presented here are expressed in units of a We now demonstrate how to extract a set of matrix elements from a sequence of magic-zero wavelengths for Sr 5s5p 3 P 0 state. Consider the standard expression for a frequency-dependent polarizability of a state v in terms of the sum over all other atomic states k [37] :
Here, J is the total angular moment of the state v and k D v are the reduced electric-dipole matrix elements which are the subject of the present work. In these equations, ω is assumed to be at least several line widths off resonance with the corresponding transitions. Linear polarization is assumed in all calculation. It is self-evident from Eq. (1) that the contribution of state k to the sum changes sign as ω crosses the value E k − E v . Magic-zero wavelengths arise due to the cancellation of the contribution from a given resonant state k with the contributions from all of the other resonant states. Thus, there is a magic-zero wavelength between each pair of adjacent resonances, as can be seen in Figs.1 and 2. The actual location of each magic zero wavelength depends upon the distribution of electric-dipole matrix elements k D v . Different matrix elements will be important for the determination of each magic zerowavelength. Thus, measurement of a series of magiczero wavelengths will enable one to extract the entire recommended set of the matrix elements for transitions to the 3 P 0 state. Furthermore, we can obtain complementary information from magic wavelengths of the Sr 5s 2 1 S 0 − 5s5p 3 P 0 clock transition, at which Stark shift of the clock transition vanishes. With such high-precision benchmarks established in one system to test a new theoretical approach, the theory can be applied to a large number of other systems where no experimental data are available.
Sr has two valence electrons outside a closed Kr-like atomic core. The main challenge in the theoretical treatment of systems with two or more valence electrons is the accurate treatment of both core-valence correlations and strong valence-valence correlations. We use the hybrid approach introduced in [17] that combines configuration interaction (CI) and all-order linearized coupled-cluster methods. The core-valence (and corecore) correlations are treated by the coupled-cluster allorder method, which is used to construct the effective Hamiltonian. Then, this effective Hamiltonian is used in the configuration-interaction part of the method that treats the valence-valence correlations. Thus, all of the correlation correction to the wave functions is treated at the all-order level. Next, the resulting wave functions are used to evaluate matrix elements of various one-body operators, such as electric and magnetic mulitpole, magnetic and quadrupole hyperfine, and various P-odd and T-odd interactions. These matrix elements are also then used for evaluation of polarizabilities, P-odd and T-odd amplitudes, and long-range interaction coefficients C 6 and C 8 . This approach is generally applicable for systems with several valence electrons and has a wide range of applications [25] [26] [27] .
To determine the magic-zero wavelengths for the Sr 5s 2 1 S 0 ground and 5s5p 3 P 0 excited states, we need to calculate their frequency dependent polarizabilities for a wide range of frequencies. The valence part of the polarizability is determined by solving the inhomogeneous equation of perturbation theory in the valence space, which is approximated as
for a state v with the total angular momentum J and projection M [38] . While the H eff includes the all-order corrections as described above, the effective dipole operator D eff only includes random phase approximation (RPA) corrections at the present time.
A few other small corrections can be calculated with second-order many-body theory. These corrections to dipole matrix elements contribute significantly in the 5s5p 3 P 0 BBR shift calculation of Sr [34] . Their omission in earlier work [39] resulted in significant difference of the clock dc Stark shift with experiment [23] . The corrections are very significant for the hyperfine constants [40] .
The present bottleneck in the accuracy of this approach can be summarized as follows. The treatment of corrections to the matrix elements of the one-body electric-dipole operator D eff , and all of the other onebody operators mentioned above is limited to RPA and second-order many-body perturbation theory. We are currently developing a full all-order treatment of corrections to one-body operators, however there are essentially no experimental benchmarks that we can use to establish how well this approach will work. The measurements that we propose in this work will remedy this outstanding problem. We note that the method is non-specific for the particular type of the one-body operator and the advancement in the treatment of the dipole operator will also provide improvement for the other operators. While we calculate the polarizabilities by solving the inhomogeneous equation (2), which accounts for the contribution from all bound and continuum states, we extract several dominant contributions from the low-lying bound states using the sum-over-states formula (1) . To improve the accuracy of the calculations, we replace a few dominant terms in our polarizability calculations by their "recommended" values, which contain experimental energies and recommended matrix elements from Ref. [34] , where available. To obtain recommended values for the 3 P 0 state, the energies of the ten lowest transitions are replaced by the experimental values [41] , five of the transition matrix elements are replaced by the recommended values from Ref. [34] , and 5s5p 3 P 0 − 5s4d 3 D 1 matrix elements is taken from [4] . For the 1 S 0 state, the energies of the four lowest transitions and the 5s 2 1 S 0 − 5s5p 1 P 1 matrix element is replaced by the experimental values [41, 42] . Both ab initio and recommended values are listed in Table I . contributions (in a.u.) to dynamic polarizability of 5s5p 3 P0 state, at the eight magic-zero wavelengths indicated. The first ten rows give the contributions from the transitions indicated, and all other contribution are grouped together in row "Other". The chain of dominant contributions relevant to the extraction of matrix elements (see text for a discussion) is highlighted in bold. [21] is shown near the right edge of Fig. 2 . We note that our graphs show 5 other Sr magic wavelengths. The values of both magic-zero and magic wavelengths are summarized in Table II . Both ab initio and recommended values are listed. Our value of the 5s 2 1 S 0 magic-zero wavelength agrees with the results of [35, 43] . Ref. [35] estimate of the 3 P 0 magic-zero wavelength at 627 nm is 5 nm away from our 632.8(2) nm value.
The contributions from the 10 lowest resonant states to the 5s5p 3 P 0 polarizabilities at the magic-zero wavelengths are given in the first 10 rows of Table III . The exact values of those wavelengths are given as the labels of the eight columns. All of the other contributions are grouped together in the row "Other". This contribution smoothly varies with the wavelength and is substantially smaller than the dominant contributions for most magiczero wavelengths. The sum of all contributions is zero within the numerical accuracy. Table III demonstrates the use of the magic-zero wavelength measurements to establish experimental benchmarks for the transitions noted in bold font. First 5s5p 3 P 0 − 5s4d 3 D 1 matrix element is already known from a precision lifetime measurement [4] , so contributions in the first row are known with 0.5% precision. The matrix element of the second transition 5s5p 3 P 0 − 5s6s 3 S 1 is constrained to 0.5% by the position of the 813.4 nm magic wavelength [34] ; thus the values in the second row are known to about 1%.
We propose two methods for the extraction of the remaining matrix elements. First, a global fit of all measured magic-zero wavelength can be done, varying the dominant contributions to best match the experimental values of wavelength. Second, a simpler procedure can be used to extract the matrix elements sequentially by determination of dominant contributions, as follows 1. The dominant contributions of the third and fourth transitions in Table III, associated with the 5s5d 3 D 1 and 5p 2 3 P 1 states respectively, can be extracted from measurements of the first three magic-zero wavelengths. If all three are available, the uncertainty in the "Other" contribution can be established as well. The 479 nm wavelength is particulary useful, due to very large contributions of the third and fourth transitions. The correlation corrections are expected to be different for the transition to the 5p 2 3 P 1 state in comparison to all other states, due to its different electron configuration (see Table II of Ref. [34] ). Therefore, we recommend the precision measurement of 479 nm wavelength as a first priority. 2. With first four dominant contributions in hand, the fifth and sixth can be obtained independently from the 434 nm and 403 nm magic-zero wavelengths since only one of these transitions contributes significantly to its respective magic-zero wavelength. This happens because of the larger values of the 3 D 1 matrix elements in comparison with those of 3 S 1 for the higher states (see Table I ). 3. Then, dominant contributions for the 5s8s 3 S 1 , 5s7d 3 D 1 , and 5s9s 3 S 1 transitions can be obtained if the last three wavelengths are known. The magic wavelengths listed in Table II can be used as additional benchmarks in a similar way.
The uncertainties in the polarizability values and resulting estimated uncertainties in the magic-zero wave-lengths are listed in the last two rows of Table III . The polarizability uncertainties are obtained by adding the estimated uncertainties in the each of ten contributions and uncertainties of the "Other" term in quadrature. The relative uncertainties in the polarizability contributions are twice the estimated relative uncertainties of the corresponding matrix elements listed in Table I . The uncertainties in the last four matrix elements were taken to be 3% and the uncertainty in the "Other" contribution was estimated at 5%.
In summary, we have predicted the values of nine magic-zero and five magic wavelengths for Sr. We demonstrated how measurements of these quantities may serve as a sensitive experimental benchmark for further development of higher-precision first-principles theory.
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